Abstract. We introduce a new type of boundary for proper geodesic spaces, called the Morse boundary, that is constructed with rays that identify the "hyperbolic directions" in that space. This boundary is a quasi-isometry invariant and thus produces a well-defined boundary for any finitely generated group. In the case of a proper CAT(0) space this boundary is the contracting boundary of Charney and Sultan and in the case of a proper Gromov hyperbolic space this boundary is the Gromov boundary. We show that the Morse boundary of the mapping class group of a surface is homeomorphic to the Morse boundary of the Teichmüller space of that surface. We also show, using a result of Leininger and Schleimer, that Morse boundaries of Teichmüller space can contain spheres of arbitrarily high dimension.
Introduction and Background
Boundaries have been an extremely fruitful tool in the study of hyperbolic groups. One of the most ubiquitous boundaries, the visual boundary, is defined to be equivalence classes of geodesic rays, where one ray is equivalent to the other if they have bounded Hausdorff distance. Roughly, one topologizes the boundary by declaring two rays are close in the boundary, if they stay close for a long time. Gromov in [Gro87] showed that a quasi-isometry of a hyperbolic metric space induces a homeomorphism on the visual boundary, giving the notion of a well-defined boundary of a hyperbolic group.
The visual boundary for a CAT(0) space can be similarly defined. Unfortunately, Croke and Kleiner show that the visual boundary of a CAT(0) space is not preserved under quasi-isometry [CK00] . Charney and Sultan in [CS13] showed that if one restricts their attention to rays with hyperbolic-like behavior, so called contracting rays, then one can construct a quasi-isometry invariant boundary for any complete CAT(0) space. In this paper we show that if one considers another class of rays with hyperbolic-like behavior, Morse rays, then one can generalize the boundary of Charney and Sultan to construct a quasi-isometry invariant boundary for any proper geodesic space. We call this boundary the Morse boundary. In the cases of proper CAT(0) spaces and hyperbolic spaces, the Morse boundary coincides with the the contracting boundary of Charney and Sultan [CS13] and visual boundary respectively.
The generality of this boundary allows for a new quasi-isometry invariant of finitely generated groups. While the Morse boundary of a group may be empty, Sisto in [Sis13] showed that every group in the class of acylindrically hyperbolic groups introduced by Osin in [Osi13] (which includes mapping class groups, Out(F n ), relatively hyperbolic groups, among others) will always have non-empty Morse boundary making the Morse boundary of particular interest for these groups.
A geodesic γ in a metric space is called N -Morse if there exists a function N = N (λ, ǫ) such that for any (λ, ǫ)-quasi-geodesic σ with endpoints on γ, we have σ ⊂ N N (γ), the N -neighborhood of γ. In a δ-hyperbolic space, the Morse lemma tells us that every ray is Morse and furthermore they are all N -Morse for the same N . This uniform N depends on δ and grows as δ grows. It is in this sense that Morse rays identify the hyperbolic directions in the space.
The following key lemma states that if a ray is close to a N -Morse ray, then it is uniformly close where the uniform constant depends only on N . Variants of this lemma will be repeatedly useful.
Key Lemma. Let X be a geodesic metric space and α : [0, ∞) → X be an N -Morse geodesic ray. Let β : [0, ∞) → X be a geodesic ray with α(0) = β(0) such that α, β have bounded Hausdorff distance. Then there exists a constant δ N that depends only on N such that d(α(t), β(t)) < δ N for all t ∈ [0, ∞).
The Morse boundary of a space X, ∂ M X, is the set of all N -Morse geodesic rays in X up to asymptotic equivalence. If we fix a basepoint p and a Morse function N and consider the subset of the boundary that consists of all rays in X with Morse function at most N :
that is an N -Morse geodesic ray with β(0) = p}, the key lemma affords us the ability to topologize this set in a similar manner as one does for the visual boundary of hyperbolic spaces. We endow the Morse boundary with the topology of the direct limit over all Morse functions and show that this boundary is independent of basepoint. We also show that it is a visibility space, that is, any two distinct points in the Morse boundary can be joined by a bi-infinite geodesic. In summary we prove:
Main Theorem. Given a proper geodesic space X, the Morse boundary, ∂ M X, equipped with the direct limit topology, is
(1) a visibility space (2) a quasi-isometry invariant, and (3) homeomorphic to the visual boundary if X is hyperbolic and the contracting boundary if X is proper CAT(0).
In the final section of the paper we define a map f : X → Y between metric spaces to be Morse preserving if f is a quasi-isometric embedding and takes NMorse rays to N ′ -Morse rays where N ′ depends on N . We show that if f is Morse preserving, then the image of the Morse boundary of X topologically embeds into the Morse boundary of Y .
We apply this result to Teichmüller space, T (S), with the Teichmüller metric. It was shown by Masur and Wolf in [MW95] that T (S) with this metric is not Gromov hyperbolic. But Minsky in [Min96] showed that all geodesics in the ǫ-thick part of Teichmüller space, T ǫ (S), are N -Morse where N depends on ǫ. So the ∂ M T (S) is non empty. Using a result of Leininger and Schleimer [LS14] we show that for any n ≥ 2, there exists a surface of finite type S and a Morse preserving map Ω : H n → T (S). Thus for any n ≥ 2, there exists a surface of finite type S such that ∂ M T (S) contains a topologically embedded S n−1 . We end the final section with a proof that the Morse boundary of the mapping class group of a surface of finite type, Mod(S), is homeomorphic to the Morse boundary of the Teichmüller space of that surface.
1.1. Basic Definitions and Theorems. Let (X, d) be a metric space. A geodesic in X is an isometric embedding γ from a finite or infinite interval of R into X. We say that (X, d) is a geodesic metric space is every two points in X are joined by a geodesic. We say X is a proper metric space if for every x ∈ X and every r > 0, the closed ball B(x, r) is compact. Definition 1.1 (Hausdorff distance). Let X be a metric space and let N η (A) denote the η-neighborhood of a subset A ⊂ X. The Hausdorff distance between A, B ⊂ X is defined by
We say f is a quasi-isometry if there exists a constant C ≥ 0 such that for every y ∈ Y there exists there exists an a ∈ X such that d Y (y, f (a)) < C. If X is a (possibly infinite) segment of R, then we call the image of f a (λ, ǫ)-quasi-geodesic. Given a quasi-isometry f : X → Y , there exists a quasi-inverse g : Y → X, which is itself a quasi-isometry such that there exists a constant C, depending only on K, L, with the property that for all x ∈ X, y ∈ Y , Remark 1.5. I will repeatedly use Lemma 2.5 in [CS13] . The statement of the lemma assumes a CAT(0) space, but the proof only requires a geodesic space.
Properties of Morse Geodesics
The following lemma verifies that a quasi-geodesic with endpoints on a Morse geodesic segment is Hausdorff close to the geodesic.
Lemma 2.1. Let X be a geodesic space and let α : [a, b] → X be a N -Morse geodesic segment and let β : [a
Then the Hausdorff distance between α and β is bounded by
Proof. First assume that β is contiuous. By definition β ⊂ N N (λ,ǫ) (α) We now show that α ⊂ N 2N (λ,ǫ) (β). We follow an argument similar to Lemma 2.5 (3) [CS13] . If α ⊂ N N (λ,ǫ) (β) we have our bound. If not consider a maximal
We know by continuity of β that there exists a z ∈ [t, t ′ ] such that z lies within N (λ, ǫ) of two points α(r), α(r
Thus by the triangle inequality, d(α(r), α(r ′ )) < 2N (λ, ǫ) and since α is a geodesic any point on α between α(r) and α(r ′ ) is at most N (λ, ǫ) from one of α(r) andα(r ′ ) and thus any point in [t,
If β is not continuous, we use Lemma 1.11 in [BH99] III.H to replace β with
and the Hausdorff distance between β and β ′ is less than (λ + ǫ). We do the proceeding proof with using β ′ and allow for the Hausdorff distance between β and β ′ for the general estimate.
The following proposition and its corollaries are the key lemmas used to construct the Morse boundary. We show that if a geodesic is bounded distance from a NMorse geodesic for a long enough time, then they are actually uniformly close where the bound depends only on N .
Proof. Let A ≥ 0 and D ≥ 6K and A ′ = A + D. Choose x so that β(x) is a point nearest to α(A) on β and similarly choose an x ′ so that β(x ′ ) is a nearest point to α(N ′ ). Note by the triangle inequality that x ∈ [max{0, A − 2K}, A + 2K] and
. Chose a geodesic µ from α(N ) to β(x) and ν from β(x ′ ) to α(A ′ ). We claim that the concatenation of geodesics:
Since all of the segments are geodesics, we only need check when u and v lie on different segments. There are three cases:
Thus we have our inequality for these two segments.
CASE 2: u ∈ β([x, x ′ ]) and v ∈ ν. This case follows similarly to CASE 1. CASE 3: u ∈ µ and v ∈ ν. First note that
Putting the inequalities together, we see that d(β(x), β(x ′ )) ≤ D + 2K < 2D. Let ζ be the geodesic from u to β(x) following µ and let η be the geodesic from
Thus we have our inequality for these segments. Therefore we have that φ is a (5, 0)-quasi geodesic. By Lemma 2.1 we can conclude conclude the Hausdorff distance between α([A,
is bounded by 2N (5, 0) giving our result. To see the parameterized distance bound, we follow the proof of Proposition 10.1.4 in [Pap05] and conclude that for all t ∈ [A + 2K,
Corollary 2.3. Let X be a geodesic metric space and α : [0, ∞) → X be an NMorse geodesic ray. Let β : [0, ∞) → X be a ray such that β(0) = α(0) and
Proof. We choose A = 0. Since α(0) = β(0) then β(x) = α(0) and the result follows.
Corollary 2.4. Let X be a geodesic metric space and α : [0, ∞) → X be an NMorse geodesic ray. Let
Proof. Since A ∈ [0, ∞) is arbitrary, we have our result.
The next result is a slightly extended version of Corollary 2.4 where we have allow β to be a (λ, ǫ)-quasi-geodesic and show that if α and β stay close long enough, then they are uniformly close where the bound depends on λ, ǫ, and N .
Corollary 2.5. Let X be a geodesic metric space and
Proof. We use that fact that we can replace f (γ) with a tame quasi-geodesic (Lemma 1.11 in [BH99] III.H) and then make the necessary modifications of the proof in the case that β is geodesic. 
Proof. Let {β n } n∈N be a sequence of geodesics joining p ′ and α(n). We note that the concatenation φ n = β 0 ∪β n is a (1, 2d(p, p ′ ))-quasi-geodesic with endpoints on α and thus by Lemma 2.1 we know φ n is Hausdorff distance at most 2M (1, 2d(p, p ′ )) away from α. By Arzelà-Ascoli a subsequence {β n(i) } converges uniformly on compact sets to a ray β. Since all of the β n are at Hausdorff distance at most 2M (1, 2d(p, p ′ )) away from α, the Hausdorff distance between α and β is identically bounded. It now follows from Lemma 2.5 (1) in [CS13] To show the the Morse boundary is a quasi-isometry invariant, we show that under a quasi-isometry N -Morse geodesic rays are sent to quasi-geodesics rays near N ′ -Morse geodesic rays where N ′ depends only on the quasi-isometry constants and N . We will use this lemma to show that quasi-isometries induce maps on the Morse boundary.
Lemma 2.7. Let X and Y be proper geodesic spaces and let f : X → Y be a (λ, ǫ)-quasi-isometry. The for any N -Morse geodesic ray γ based at p, f • γ stays bounded distance from an N ′ -Morse geodesic ray β based at f (p) where N ′ depends only on λ, ǫ, and N .
Proof. We follow closely the proof of Corollary 2.10 in [CS13] . By Lemma 2.5 (2) in [CS13] we know that f • γ is a N ′′ -Morse quasi-geodesic with N ′′ only depending on λ, ǫ and N . Let β n be a geodesic segment from f (γ(0)) to f (γ(n)) for all n ∈ N. Since f • γ is a (λ, ǫ)-quasi-geodesic, then by Lemma 2.5 (3) in [CS13] 
Lemma 2.8. Let X be a geodesic space and let {γ i : [0, ∞) → X} be a sequence of N -Morse geodesic rays that converge uniformly on compact sets to a geodesic ray γ. Then γ is N -Morse.
Proof. Let ǫ > 0. Let β be a (λ, ǫ)-quasi geodesic with end points on γ. Since the γ i converge uniformly on compact sets and are N -Morse there exists an I ∈ N such that for any i ≥ I, d(γ i (t), γ(t)) < ǫ on a compact set that contains β. Thus γ is an N ′ -Morse geodesic where N ′ < N + ǫ. Since this is true for all ǫ > 0, γ is a N -Morse geodesic.
The Morse Boundary
We are now prepared to define the Morse boundary of a proper geodesic space X. Consider the set
that is an N -Morse geodesic ray with β(0) = p}. We toplogize ∂ N M X p following [BH99] III.H. Let X be a proper geodesic space. Fix a basepoint p ∈ X. We define convergence in ∂ N M X p by: x n → x as n → ∞ if and only if there exists N -Morse geodesic rays α n with α n (0) = p and α n (∞) = x n such that every subsequence of {α n } contains a subsequence that converges uniformly on compact sets to a geodesic ray α with α(∞) = x. By Lemma 2.8, we have a well defined topology on ∂ We show this topology is equivalent to a system of neighborhoods at a point in ∂ N M X p . Lemma 3.1. Let X be a proper geodesic space and p ∈ X. Let α : [0, ∞) → X be a geodesic ray with α(0) = p and for each positive integer n let V n (α) be the set of geodesics rays γ such that γ(0) = p and d(α(t), γ(t)) < δ M for all t < n. Then {V n (α) | n ∈ N} is a fundamental system of (not necessarily open) neighborhoods
The topology on ∂ N M X p induced by the sequential definition and the fundamental system of neighborhoods coincide. We satisfy the first condition by definition. The second condition follows by setting k = max{i, j}.
For the third condition consider a neighborhood
To see the fourth condition we follow [BH99] III.H Lemma 3.6 with k = δ M and restricting our attention to true geodesic rays in ∂ N M X p . Corollary 3.2. Let N and N ′ be Morse functions such that N (λ, ǫ) ≤ N ′ (λ, ǫ) for all λ, ǫ ∈ N. Then the obvious inclusion i :
−1 (V ) be a sequence of geodesic rays converging to a ray α. Since i is an inclusion we can consider α i as a sequence of rays in V . Since V is closed, the α i converge to some ray α in V . But by Lemma 2.8, α is N -Morse and thus i −1 (α) = α and thus i −1 (V ) is closed.
With Corollary 3.2 in mind we can now define the Morse boundary, ∂ M X p .
Definition 3.3. Let M be the set of all Morse functions. We put a partial ordering on M so that for two Morse functions N, N ′ ∈ M, we say N ≤ N ′ if and only if N (λ, ǫ) ≤ N ′ (λ, ǫ) for all λ, ǫ ∈ N. Thus we can define
with the induced direct limit topology.
Next we prove a technical lemma about continuous maps between spaces with the direct limit topology in preparation for showing basepoint and quasi-isometry invariance.
Proposition 3.5 (Independence of basepoint). Let X be a proper geodesic space. The direct limit topology on ∂ M X p = lim − → ∂ N M X p is independent of basepoint p. Proof. Using Lemma 2.6, we see that there exists a map
for all i, j and i(α) is asymptotic to α. This extends to a map I : ∂ M X p → ∂ M X p ′ . We can do the same procedure and get a map J : ∂ M X p ′ → ∂ M X p . We note that J • I = Id because J • I takes a Morse ray based at p to another Morse ray based at p that is asymptotic to the original. I • J is also the identity map by the same reasoning and therefore I is a bijection.
By Lemma 3.4 it is enough to show that i :
for all t ∈ [0, n] and thus i(γ) ∈ V n (α ′ ) and we have our result.
Let f : X → Y be a (λ, ǫ)-quasi-isometry. Fix base points p ∈ X and f (p) ∈ Y . By Lemma 2.7, f induces a map
Proof. The proof that ∂ M f is bijective is the same as in Theorem 3.11 in [CS13] . It remains to prove continuity.
By Lemma 3.4 we need only show
Y . We show that there exists an m sufficiently large such that
Moreover, by choosing m sufficiently large, we may assume (f • β)(m) and (f • γ)(m) are arbitrarily far from the basepoint f (p), say a distance m ′ ≫ n. As in the proof of Lemma 2.7, we straighten f • β, f • γ to geodesic rays
for all t ∈ [0, n] and we have our result.
Next we show that the Morse boundary coincides with the contracting boundary and the Gromov boundary in the correct spaces. U (γ, r, ǫ) . By the CAT(0) triangle condition we can choose a n >> r large enough so that if β ∈ V n (γ) then d(γ(t), β(t)) < ǫ for all t < r.) Theorem 3.8. If X is a proper geodesic δ-hyperbolic space, then ∂X = ∂ M X.
At the other extreme, there are proper geodesic spaces where the Morse boundary is empty. Examples include products and groups with laws [DS05] .
Finally, we show that the Morse boundary is a visibility space.
Proposition 3.9 (Visibility). If X is a proper geodesic metric space, then for each pair of distinct points ξ 1 , ξ 2 ∈ ∂ M X there exists a geodesic β : R → X with β(∞) = ξ 1 and β(−∞) = ξ 2 .
Proof. Choose a basepoint p ∈ X and choose geodesic rays α 1 , α 2 : [0, ∞) → X with α 1 (0) = α 2 (0) = p and α 1 (∞) = ξ 1 and α 2 (∞) = ξ 2 . For each n ∈ N consider a geodesic segment β n : [0, a] → X with β n (0) = α 1 (n) and β n (a) = α 2 (n). We claim that β n is Hausdorff distance at most m = max{2M 1 (3, 0), 2M 2 (3, 0)} of α 1 ([0, n]) ∪ α 2 ([0, n]) where M 1 , M 2 are the Morse functions for α 1 , α 2 respectively.
Choose an x so that β n (x) is the nearest point on β n to p and let γ be a geodesic connecting x and p. If we show that the concatenation φ = β n ([0, x]) ∪ γ and ψ = γ ∪ β n ([x, a]) are (3, 0)-quasi-geodesics then we have proved the above claim.
We show that φ is a (3,0)-quasi-geodesic. Since all of the segments are geodesics, we only need check the inequality for points u and v on different segments. Let
Thus we have our inequality.
The inequality for ψ follows identically. Using Lemma 2.1, we have proved our first claim.
We note now that some point of β n is within 2M (3, 0) of p. Then Arzelà-Ascoli gives a subsequence of β n that converges to a bi-infinite geodesic β. We note that since β n is within 2M (3, 0) of α 1 ∪α 2 for all n ∈ N that β will be similarly bounded. Thus β(∞) = ξ 1 and β(−∞) = ξ 2 and we have completed the proof. Equivalently, f is Morse-preserving if given N ∈ M there exists an N ′ ∈ M such that for every N -Morse geodesic ray γ, f (γ) is an N ′ -Morse quasi-geodesic.
Not all quasi-isometric embeddings are Morse-preserving. Consider the space X formed by gluing a Euclidean half-plane to a bi-infinite geodesic γ in the hyperbolic plane, H. The obvious embedding ι : H ֒→ X is an isometric embedding, but ι(γ) is not Morse. On the other hand, the notion of stability that Durham and Taylor defined in [DT14] implies Morse preserving.
If f is Morse-preserving, the map induced on the boundary by f , ∂ M f , is mirrors the map used in Proposition 3.6 showing quasi-isometry invariance. The fact that f uniformly maps N -Morse rays close to N ′ -Morse rays is enough for ∂ M f to be an injective continuous map. We wish to have a topological embedding so we need to show that this map is open. As f is only a quasi-isometric embedding, f has no quasi-inverse so we cannot exactly follow the proof of Proposition 3.6. Nevertheless, in Proposition 4.2 we construct an inverse to ∂ M f show this map is continuous. 
is a homeomorphism, i.e. ∂ M f is a topological embedding.
Proof. By definition of Morse-preserving, we know that for every N ∈ M there exists an N ′ ∈ M such that for every N -Morse geodesic ray γ : [0, ∞) → X there exists a N ′ -Morse ray with basepoint f (γ(0)) bounded Hausdorff distance from f (γ). We define the map 
Y is continuous. This follows with slight modification of the proof of Proposition 3.6 by intersecting the appropriate basis neighborhoods with ∂ M f (X).
Since ∂ M f is injective it has a (set-theoretic) inverse h : ∂ M f (∂ M X) → ∂ M X. So, to show the result, we need only show that h :
We know that for any η ≥ 0 we have a quasi-isometry
Let g η : N η (f (X)) → X be a quasi-inverse. By Corollary 2.5, we know that given a Morse function N , there exists η which depends on λ, ǫ and an
Again, with slight modification of the proof of Proposition 3.6 we note that ∂ M g η is continuous. We notice that for any α ∈ ∂ M X, The main theorem of Leininger and Schleimer in [LS14] states that for all n ∈ N, there exists a surface S of finite type and a quasi-isometric embedding Ω : H n → T (S).
Moreover, the image is quasi-convex and lies in T ǫ (S) for some ǫ > 0. We show that this map is Morse preserving. Proof. Say Ω : H n → T (S) is a (K, L)-quasi-isometric embedding and Ω(H n ) is Cquasi-convex and lies in T ǫ (S). Then, as in the proof of Corollary 2.7 in [Ham10] N C (Ω(H n )) ⊂ T ǫ ′ (S) for some ǫ > ǫ ′ . Let α be a geodesic in H n , and {β n } n∈N be a sequence of geodesics joining Ω(p) and Ω(α(n)). Then by quasi-convexity of Ω(H n ), each β n ⊂ T ǫ ′ (S) and thus by Theorem 4.2 in [Min96] we know that all the β n are N -Morse where the Morse function N depends on ǫ ′ . In particular, by Lemma 2.1 we know β n and Ω(α)| [0,n] have bounded Hausdorff distance D = 2N (K, 2(K +L))+(K +L). Thus by Arzelà-Ascoli there exists a subsequence β n(i) that converges to an N -Morse geodesic ray β that is at most Hausdorff distance D from Ω(α). M Mod(S) are continuous. But, the continuity of these maps follow from the proof of Proposition 3.6.
